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Abstract 

| A determinant expression for the rational solutions of the Painleve III (Pin) equa- 

tion whose entries are the Laguerre polynomials is given. Degeneration of this deter- 
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minant expression to that for the rational solutions of Pn is discussed by applying 
the coalescence procedure. 
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1 Introduction 

The role of Painleve equations in nonlinear world is well recognized. Originally 
Painleve derived these equations to find new transcendental functions, and ir- 
reducibility of the solutions has been established in general by Umemura [1]. 
However, classical solutions of the Painleve equations have attractive and mys- 
terious properties. Recently, such properties of rational solutions have been 



studied extensively. Vorob'ev and Yablonskii have shown that the rational so- 



lutions of Pn are expressed by log derivative of some polynomials which are 
now called the Yablonskii- Vorob'ev polynomials [2]. Okamoto have shown that 
the rational solutions of Pry have the same property. Moreover, he also no- 
ticed that they are located on special points in the parameter space from the 
point of symmetry [3]. Namely, they are in the barycenter of Weyl chamber 
associated with the Affine Weyl group of type which is the transforma- 
tion group of Piv- Umemura has shown that there exist special polynomials 
for Pni, Pv an d Pvi, which admit the similar properties to those of Pn and 
Piv [4] . Those polynomials are called the Umemura polynomials. Moreover, it 
is reported that they have mysterious combinatorial property [5]. 

One aspect of such polynomials associated with Pn[6], Piv [7,8] and Py[9] is 
that they are expressed as special cases of the Schur polynomials, which arise as 
the r-function of the celebrated KP hierarchy as well as the character polyno- 
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mials of symmetric groups. Note that the symmetries of these three equations 
are all A type, namely, I = 1,2,3 for P n , Prv and P v , respectively. 

In this letter, we consider the Umemura polynomials for P m whose symmetry 
is We show that they are expressed as the special case of 2-reduced Schur 
polynomials. Coalescence limit to the Yablonskii-Vorob'ev polynomials is also 
discussed. 



2 A determinant expression of the Umemura polynomials for P 



in 



The Umemura polynomials for Pm, 

d 2 w 



dr 2 



1 / dw \ ldw aw 2 + 3 ^4 

- hr ~-^r + - + iw 3 --, 

w \dr J r dr r w 



are defined as follows [4]. Let Sn = Sn(u,v) be a sequence of polynomials in 
u defined through the recurrence relation of Toda type, 



S N+ iS N -i = -Au A 



d 2 S 



N 



du 2 



S 



'dS 



N 



N 



du 



^dSiy 



-Au A ^S N + [1 + (2v + 1)«] S 2 N , 



(2) 



with initial conditions S = S\ = 1. If we set u = l/(4r) and Sn(u,v) = 
T N (r,v), we find that T N satisfy the following recursion relation, 



ArT N+1 T N ^ = -r 



d 2 T, 



N 



dr 2 



dT, 



N 



N 



dr 



dT, 



N 



dr 



T N + (4r + 2v + l)T 2 N , (3) 



with T = T\ — 1. Moreover, it is shown that 

T N+1 (r,v - l)T N (r,v) 



w(r) 



T N+1 (r,v)T N (r,v-l) 



(4) 



gives the rational solutions of Pm (1) with parameters 

a = 4(v + N), 3 = 4(-v + N). 



(5) 



The polynomials Sn are called the Umemura polynomials. Of course, the 
polynomiality of Sn is far from obvious. 
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Let sy (t), t — (ti, t2, • ■ •) be the Schur polynomial associated with the partition 
Y. By the Jacobi-Trudi formula, it is known that sy, Y = (ii, i 2 , ■ ■ -in), 
H > *2 > ' ' ' > *at > is expressed by 



s (ii,»2,— >*at)(^ 1 ' ' ' ') 



Pii Pii+l • • • Pii+JV-l 

Pi 2 -1 P«2 ' ' ' Pi 2 +N-2 



Pi N -N+l Pi N -N+2 ■ ■ ■ Pi 



'IN 



(6) 



where p^'s are defined by the generating function, 

00 / 00 \ 

^p k (ti,t 2 ,---)\ k = exp (5^tiA'J , Pfe = for fc < 0. 
k=o \i=i ) 



(7) 



Then our main result is stated as follows. 
Theorem 1 For N > 0, we have 

T N+1 = (2r)- N ^l\ N F N , 



(8) 



where 



c N = (2N - 1)\\(2N - 3)\\ ■ ■ - SUVA, 

Fn — S(N,N-l,-,l)(tl, t2, ■ ■ ■), 

t 1 = 2r + v+ 1 -, t k = (_l)*+i!i±i, (k > 2). 



(9) 
(10) 

(11) 



This theorem gives an explicit form of the Umemura polynomials Sn{u,v) in 
terms of the Schur polynomials sy(ti,t 2 , ■ ■ •) associated with partition Y = 
(N,N — 1, ■••,]-). This also provides the proof of their polynomiality, as shown 
below. 

Corollary 2 Sn(u,v) are polynomials in u of degree N(N — l)/2. 



PROOF. First we note that sm,N-i,-,i)(ti,t2, • ■ •) are homogeneous polyno- 
mials in ti,t2, ■ ■ ■ with degree N(N + l)/2, if we define the weight of t^ as 
k. Under the specialization (11), F N are polynomials in r and thus 1/u of 
degree N(N + l)/2. Since S N+1 = const, x u N ( N+1 ^ 2 F N , the statement follows 
immediately. □ 
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3 Proof of the theorem 



Under the specialization (11), the generating function (7) is reduced to 

oo 

Y,Pk(x,n)\ k = (1 + A) n exp(:rA), Pk = for k < 0, (12) 



k=0 



with 



x = 2r, n — v + 



(13) 



The polynomials Pk{x, n) are essentially the Laguerre polynomials, i.e. Pk(x, n) 



(n-k). 



-x) [10]. 



The proof of Theorem 1 is done by a completely parallel method to that in 
[9]. ' 

Proposition 3 We define r N = r N (x,n) as 



tn = 



p N p N+ i ■ ■ ■ P2N-1 
PN-2 PN-1 ■ ■ ■ P2N-3 

P-N+2 P-N+3 ■ ■ ■ Pi 

r_i = 1, t = 1, 



, N>1, 



(14) 



(15) 



where p k 's are defined by equation ( 12). Then satisfy the following recursion 
relation, 

- (27V + ^rjv+iTjv-i = x (t'JjTn - t' n 2 ) + t n t' n - (x + n)r 2 N , N > 0, (16) 



where ' = 



d_ 

dx 



Theorem 1 is the direct consequence of this proposition, since the recursion 
relation (16) is reduced to (3) by equations (8) and (13). 

To prove Proposition 3, we prepare the following lemmas. 

Lemma 4 We put F N = F N (x) and Gn = Gn(x) as 
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1 iV 



G 



N 



PN PN+1 ■ ■ ■ P2N-1 
PN-2 PN-1 ■ ■ ■ P2N-3 

P-N+2 P-N+3 ■ ■ ■ Pi 

PN+2 PN+3 ' ' ' P2N+1 
PN-2 PN-1 ■ ■ ■ P2N-3 

P-N+2 P-N+3 ■ ■■ Pi 



N > 1, 



N > 1, 



F = l. 



(17) 



(18) 



(19) 



Then we have 



Fn+iFn-i — G' n Fn — GnF n , N > 1. 



(20) 



PROOF. Since it is easy to see that 

p' k (x,n) =p k - 1 (x,n), 



(21) 



one can rewrite Fn and Gn as 



N 



(N-l) 
P2N-1 



(1) 

P2N-1 P2N-1 



(N-l) (1) 
P2N-3 ' ' ' P2N-3 P2N-3 



(N-l) (1) 
Pi •■•Pi Pi 



,G 



N 



(N-l) 
P2N+1 

(N-l) 
P2N-3 



(1) 

P2N+1 P2N+1 

(1) 

P2N-3 P2N-3 



(N-l) (1) 
Pi •■■Pi' Pi 



, (22) 



where pj^ 
identity, 



d" 



dx 1 



-Pk- Putting D = F N+ i, equation (20) is reduced to Jacobi 



D 



"1 2" 




V 




T 




V 




2- 


D = D 


D 




-D 


D 




.1 2. 




.1. 




2_ 




.2. 




1. 



(23) 



where the minor D 
jfc-th columns from 



%x 2 is defined by deleting the i^-th rows and the 
Ji 32 • • -J 

;he determinant D. □ 
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Lemma 5 For N > 1, 



(2N+1) 

t 2 00 d 

m+2 777" 

2 m=l atn 



S{N,N-i,..,i)(ti,t 2 ,---)- (24) 



Since the proof of this lemma is given in [9], we omit the detail. 
Lemma 6 For N > 1, we have 



(2N+1)G 



N 



X 



nx + 



(n-N)(n-N-l) 



— x 



d_ 

dx 



(25) 



PROOF. Under the specialization (11) and (13), we have 



00 d 00 d 

^2(m + 2)t m+2 —— = l( m + 2 )W2 - mt m] ^— + E 

m=l °^»™ m=l 



Here the Euler operator 



= -x— + £. 

dx 



00 ^ 
E= J2 mt 



dt m 



(26) 



(27) 



acts on s 



(jV,AT-l, ■■■,!) 



(t) as E = N(N + l)/2, since s 



(N,N-1, ••■,!) 



(£) is a homoge- 
neous polynomial of degree iV(iV + l)/2 in ti,t 2 , • • • if we define the weight of 
t m as m. Then Lemma 6 follows immediately from Lemma 5. □ 



Finally, the proof of Proposition 3 with iV > 1 is obvious from Lemmas 4 and 6. 
Moreover, the case of N = is easily checked by noticing that T\ — pi = x + n 
and equation (15). This completes the proof of Theorem 1. 



4 Degeneration to the rational solutions of P n 



In the previous sections, we have shown that 



= T N+1 (X,V-1)T N (X,V) 
T N+1 (X,V)T N (X,V - 1) 
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where tn is given by equations (14) and (15), satisfies Pm 
d 2 w 



dx 2 



1 / dw\ 1 dw 2 / o \ o 1 

= _ hr ---r + -(aw 2 + (3)+w 3 --, 

w \dx J x dx x K ' w 



(29) 



with 



a = v + N + l, P = -v + N + l. 



(30) 



In this section, we consider the coalescence procedure from P m to P n on the 
level of the rational solutions. 

In [6], it is shown that the rational solutions of Pn are expressed as follows. 

Proposition 7 Let qk(z) be a sequence of polynomials defined by the gener- 
ating function, 

£ q k (z) e = exp + ^ , q k (z) = for k < , (31) 



and let be an determinant given by 



0~N = 



qN qN+i ■ ■ ■ q-zN-i 

qN-2 qN-1 ■ ■ ■ q2N~3 

q~N+2 q~N+s ■ • ■ qi 



(J = 1. 



(32) 



Then 



d , c N+ i 
w = — log 

dz ajq 



(33) 



gives the rational solutions of Pn, 

d 2 w 



dz 2 



2w- i -Azw + A(N + l). 



(34) 



It is easy to see that by putting [11,12] 

x = e~ 3 (l — e 2 z), v = — e~ 3 , w — 1 + ew, 



(35) 



7 



Pin (29) is reduced to P n (34) in the limit of e -> 0. 

Next, we consider the degeneration of r-function. Let p k (x,v) be a sequence 
of polynomials defined by the generating function, 

00 l v 

J2Pk(x,v)X k = (l + \) v+ *exp(x\ + -\ 2 ), Pk = for k < 0, (36) 

fc=0 2 



then r-function (14) is rewritten as 



r N (x,v) 



Pn Pn+i ■ ■ ■ P2N-1 

pN-2 Pn-1 ■ ■ ■ P2N-3 
p-N+2 P-N+3 ■ ■ ■ Pi 



(37) 



since pk(x) is a linear combination of Pj(x),j = k, k — 2, k — 4, • • ■. Putting 
A = — e£ and q k = (— t) k pk in equation (36) and choosing the parameters as 
equation (35), we have 



J2q k (z,v)£ k = exp 



k=0 



(38) 



Since we obtain, from equations (31) and (38), 
q k {z,v) = q k {z) + e 



1 / N 1 

~2<lk-i{z) + -q k -4{z) 



(39) 



q k is reduced to q k . Thus, we find that tn degenerates to (— e)~ Ar ( Ar+1 ^ 2 <TAr in 
the limit of e — > 0. We notice that the overall factor (— e) _JV ( JV + 1 )/ 2 on o-jy has 
no effect on the solutions w). 

Finally, we show that the solutions (28) degenerate to (33). Similarly to the 
above discussion, we have 



q k (z,v- 1) = q k (z) + e 



1 / N 1 

-q k -i{z) + -q k -A{z) 



+ 0(6 2 ). 



(40) 



Since it is easy to see that 



d 

-rQk — Qk-i, 
az 



(41) 
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we obtain the following relations, 

e d 



t n (v) ~ a N - - j-ctn + eK N + 0(e ), 



2dz ed (42) 



rjv^ -l)~a N + + e«iv + 0(e 2 ), 



where denotes the contribution from the third term of equations (39) and 
(40). Thus, we find that 

r N+1 (v-l)r N (v) l+ d log a^ + 0{e2) 



t n+1 (v)t n (v - 1) dz a N 



Hence the rational solutions of Pm are reduced to those of Pn consistently 
under the parametrization (35) in the limit of e — > 0. 



5 Concluding remarks 



In this letter, we have shown that the Umemura polynomials for Pm admit 
a determinant expression of Jacobi-Trudi type whose entries are the Laguerre 
polynomials. Moreover we have mentioned that this determinant expression 
degenerates to that for the rational solutions of Pn by applying the coalescence 
procedure. 

It is worth to remark that the Umemura polynomials for Py have a quite 
similar expression, which is also the special case of Jacobi-Trudi formula for 
the 2-reduced Schur polynomials [9]. The only difference is that we take Pk, 
entries of determinant, as L^~ k ^ in the case of Pm, while in the case of 
Pv- This strange resemblance should have theoretical explanation. 

It is known that Backlund transformation of Pni is nothing but the alternate 
discrete Painleve II equation (alt-dP n ) [13]. This suggests that the rational 
solutions of alt-dPn admit the same determinant expression as that for Pm. 
In this case, the parameter v plays a role of the independent variable. 

Now it has been revealed that special polynomials associated with the ratio- 
nal solutions of Painleve equations are special cases of the Schur polynomials, 
except for P V i- Since Pyi is a "master" equation among the Painleve equa- 
tions, it is an important problem to what kind of polynomials the Umemura 
polynomials for Pyi are identified. Moreover, studying special polynomials of 
various discrete, (/-discrete and ultradiscrete analogues of the Painleve equa- 
tions might be an interesting problem. 



9 



Acknowledgements 



The authors would like to thank Prof. M. Noumi and Prof. Y. Yamada for 
discussions. They also thank Prof. H. Umemura for encouragement. One of 
the authors (K.K.) is supported by the Grant-in-aid for Encouragement of 
Young Scientists, The Ministry of Education, Science and Culture of Japan, 
No. 09740164. 



References 

[1] H. Umemura, Irreducibility of the Painleve Equations-Evolution in the Past 100 
Years, Proceeding of the workshop on the Painleve Transcendents (Montreal, 
1996), to appear. 

[2] A.P. Vorob'ev, Diff. Eq. 1 (1965) 58. 

[3] K. Okamoto, Math. Ann. 275 (1986) 221. 

[4] H. Umemura, Special Polynomials Associated with the Painleve Equations I 
(1996), preprint. 

[5] M. Noumi, S. Okada, K. Okamoto and H. Umemura, Special Polynomials 
Associated with the Painleve Equations II (1997), preprint. 

[6] K. Kajiwara and Y. Ohta, J. Math. Phys. 37 (1996) 4693. 

[7] K. Kajiwara and Y. Ohta, J. Phys. A: Math. Gen. 31 (1998) 2431. 

[8] M. Noumi and Y. Yamada, Symmetries in the fourth Painleve equation and 
Okamoto polynomials (1999), preprint |q-alg/9708018 , Nagoya Math. J., to 
appear. 



[9] M. Noumi and Y. Yamada, Phys. Lett. A 247 (1998) 65. 

[10] M. Ablamowitz and I. A. Stegun, Handbook of Mathematical Functions (Dover, 
New York, 1972). 

[11] E. L. Ince, Ordinary Differential Equations (Dover, New York, 1956). 

[12] K. M. Tamizhmani, A. Ramani, B. Grammaticos and K. Kajiwara, J. Phys. A: 
Math. Gen. 31 (1998) 5799. 

[13] F. Nijhoff, J. Satsuma, K. Kajiwara, B. Grammaticos and A. Ramani, Inverse 
Problems 12 (1996) 697. 



10 



